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Let f(x, v) be a continuous function, 2zn-periodic in each variable, in
symbols /'€ C,, . >.. The paritial moduli of continuity of f are defined for
0>0 by

o (f.0)=sup max |f(x+u y)—f(x, ),
lu| <o Y,
and
W, (f, d)=sup max |f(x, v+uv)—f(x, ¥)|.
el <o
Moreover, the Lipschitz class Lip(x, f#), where 2, f (0, 17, is defined to be
Llp(d, ﬁ): {f‘ECZnXZK:(U,\‘(,ﬁ5):0(51) and (UV\‘(.fv(s):: 0(5”)}

The corresponding conjugate function of f(x) is

~T s

. 1 v
Dy )= — —cot - dv
/ (x. ) o 2 cot 2 e Y

(f(x+u y+o)—flx—u y+v)

—flx+u y=vi+ flx—u y—r)) % cot g du.
Concerning the approximation to continuous functions by Cesaro means
of double conjugate series, F. Moricz and X. L. Shi [1] raised two
conjectures, one of which is as follows.
Conjecture MS [1, p. 360, Conjecture 2]. There exists a function
feLip(l, 1) such that the estimate

7 Q 2 1 -
w (fON 5y =0 (O In* —)) (60— +0)
C
cannot hold.
We now show that the answer to Conjecture MS is affirmative.
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THEOREM.  There exists a function [ e Lip(1, 1) such that

o 1
im o (f ¢ ‘(om» )>o.
S e 0 ()/

The following lemmas are needed.

LEMMA | If|x[=n "or |xI<n *, then the following estimate holds:

"t

(1)

A 21 ‘ ”,.

Proof.  Evidently

N; . A'._
Z 5[n> : g‘.\‘f/l}, (1)
Aoty /‘
on the other hand. by Abel transform
Tosinky "/ | |
N ko ohk+1 ‘SV T o)+ - SN
« ,Z,:] k . g.l(/\, /\,+]) () P (x) . {x)
where
=Y sin /\’—COS x/2—cos (k+1; 2)\
- . 2sin x/2 i
SO
Pogsinky w2
— < — 3, b
k ,Z,;. . kT xn (2}

in the case [x[<n *or [x[=n ' applying (1) or (2), it follows that

'

sin kx
2.

=0 ).
[ /\
LemMMa 2. Let m=n',
" osk\ " osin jv
h(x, v)= Z Z /
Ao 1 i
then
) AL sin kg, i
h(x+0, v)—h,(x, y)=0 ( Z 7 o). NpE[x, x+d].
h=n

(3)
w (h,.0)=0n 'J),
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and

Colnm+ <o (A" 0)<C ol (m+ 1), O0<d<m .
where C, (i=1,2) are positive constants independent of m.
Proof. Let

Vh, (x+0, v)y—h,,(x, v}

n L /\',‘ 0 5 " .
<d Z sin (\k+ ) 8) \‘Z sm/./) L 00 <L,
k=n ¢ 1 P _

in view of sup,., IX} | sin jx/jl <3 /m (3) is valid. And

|
[, (x, ¥ 4-0)—h,,(x, 1)i7()< Y =

k= n°

! Z cos j(v+10,9) h) O(on

e

where 0< (), <1, (4) is proved. At last, it is not difficult to see

X .

_ rooosinkx L ocosjy
Ly Ly — > - S
hm ('\’ R )_ - Z kl Z 0

ko=t 41 jot ]

so that there is a 8, [0, 1] such that for e (0, m ')

B (8,0) — RU0.0) = Y COS/‘A y !

k=nt1 /711

=décos l(In(n* + 1) —Inn’—1)In(n+ 1)
>Coln*n+1)=C,dIn*(m+1).

the converse inequality is evident, thus (5) follows.

. 2
Proof of Theorem. Let n,=2",

)= h,(x, v)

/=0
then
F(1.1) (g
f ( Z hrz/
=0

Now set n, | <d<n, '

h.
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Aol

[ flx+0, v)—flx, 1) < Z (f, (x40, y)—h, (x, )| +olh,,d)

/-0

+wh, o)+ Y w.h,.d

1k
=1L +1,+1,+1,.
I, < Z Z Ilz Sl[l/*j'v;‘<3\,,f"’%C;zk H=oln, ! )y=0(3), (6)
SR I A T
by (3)
I,=0(3) (7)
1;=0(9). (8)

From the mean value theorem for | </<k—1

ko]

Y o (h(x+0, y)—h,(x y))‘
/-0 !
‘SHE sinkx ‘
<C Z Z — Xo€[x, x+0],
[0 bk n’,: : +ol A

Note that (n, **.n, "2y~ (n, *3 0, " Y)=¢, i# ), il x, belongs to some

-4 - 13
(n/n ’ n/(l )’ then

k

I, =

-1
1# by

applying Lemma 1, we get

iy

11<’ >

I S
1 '1/ —+

sin ix,

l=1

Combining (6)-(9), we have
m (f. )= 0(0).

It is easy to get the estimate for w, (/. 8). By (4)

o (/. (5):()<<3 > n, '}):()((5).

/=1

1
. , o ‘
By (X4 0, ) =, (x, )+ Y (hx+6, y)=h, (x. ¥)),

040 Z n, "1 =0(8).

(10)

(11)
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Equations (10) and (11) imply that f(x, y)e Lip(1, !). Meanwhile

ko1
o MY zo b n )= Y o e Y
=]
1.3
s lI/ l ’I[ 1
-2 Y Y mro=l-hd
I=k+1 1*/1/21+11 j= 1-/
Because of (5),
J,=2Cn, ' In g,
g 'llnzn,
Jy<Cyng 'In"ny Y <C,n, 'In’ ny, z 4 Wi
/ ,In?n, =
— O, 'In*nd ),
i -
Ji<C Y n, Paln+1)=0, [ n(n, .+ 1))
I=k+1
=o(n, 'In’ n,), k— oo,

altogether there exists a positive constant M for sufficiently large & such
that

o (f""N Y= Mne, ' n? ny,

lim o (F*" 0" (n 'In?n)>0.

n - r
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