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Let /(x, y) be a continuous function, 2n-periodic in each variable, in
symbols / E C 2n x 2n' The paritial moduli of continuity of / are defined for

() > °by

(JJ,JI: ()) = sup max I/(x + u, y) - /(x, Y)I,
lui :'S Ii \-,.1'

and

W,(f; ())= sup max I/(x, y+v)-/(x, y11 ..
I/'I :S-() \', \

Moreover, the Lipschitz class Lip(ex, in. where ex, f3 E (0, 1], is defined to be

and

The corresponding conjugate function of /(x) is

_ 1 ,n 1 v ·n

f '(1.1)(X 1')=-1 -cot-dv I (f'(x+u 1'+(1 )- f(x-u, 1'+1'). ' . n 2 _0 2 2 00' , • . .

1 u
-f(x+u, j'-v)+f'(x-u, v-r))-cot-du.. . . . 2 2

Concerning the approximation to continuous functions by Cesato means
of double conjugate series, F. Moricz and X. L. Shi [1] raised two
conjectures, one of which is as follows.

Conjecture M S [1, p. 360, Conjecture 2]. There exists a function
/ E Lip(l, 1) such that the estimate

w\(f(I.I),(j)=o()ln2~)()---> +0)

cannot hold.
We now show that the answer to Conjecture MS is affirmative.
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THEOREM. There exists a jllllction f E Lip( I, 1) such that

The following lemmas are needed.

LEMMA I. If Ixl ;? n I or Ixl :( n ~,then the jii//owing estimate ho/ds:

I
" Sin/x"J = 0 (~,',).

A ~'I
Proof Evidently

(, I
,,' Sinkxl 1
~~ :< I yink ",. .

11"' t I

on the other hand. by Abel transform

(1 )

sin kx n' I (',I ,I ') " .I --= I --~ SA(\)
A n'. I k /. ,,' I I k k + 1.

where

I I

so

. . cosxj2-cos (k+ l,2)x
SdY)= I SII1/Y= ') " ,')

_ Sin .\/_

k !I'~ t [

sin kx J[ 2
~-,-~-~.

k- xn-
(2 )

in the case !xl:( n 4 or Ixl;? n I, applying (1) or (2). it follows that

I
"I sin kX!

A ~ + I ~k-'- = O(n I).

LEMMA 2. Let fIl = n 1
,

h",(x, .1")= I
k 1/2

then

COS ky " sin /1"-I-, . '
k- .I

I I

(
/1 ~ Sinkxu\,)\ihllkx+(),l')-h",(x,Y)I=O "L., -~k~ () .

h n:'. f I

.\u E [x, X + ()],

(3 )

(4)
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O«)~III I (51

)\'here C, (i = I, 2) are posit ire constants independent of III.

Proof Let

Ihll,(x + (), .1') - hll,(x, .1')1

~b Ik~#' I sink(.,/Ol ())III,tl Sin/.ll
in view of SUPII I II2..:Z I sin jx/ill ~ 3 ,/n, (3) is valid. And

where °~ ()2 ~ 1, (4) is proved. At last. it is not difficult to see

sin kx 11 cosjy
L: -k-,L:-· ,

k II' + I .- I I .I

so that there is a OJ E' [0,1] such that for () E' (0, III I)

cos k( 0J b) 11 1
111;,: II(), 0) -11;,:·1 )(0,0)1 = k~~ t I k 1~li

~ b cos 1(In(n J + 1) -In n 2
- 1) In( n + 1)

~ C () In 2(11 + 1) ~ C I () ln 2
(1II + 1),

the converse inequality is evident, thus (5) follows.

Proof of Theorelll.

then

4"Let 11/ = 2 ,

f(x, .1') = L: h l1 ,(x, .1'),
I ~ ()

pll)(X, .1')= L: 11:,:II(x, .1').
/~()
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+w.jhIlA.1,b)+ I w,(hll!,i))
/ k T 2

by (3)

1

II! 1 1"1 sinjx
I 12 0 2:-.

'~lIi 1 t I I~ I J

/1=0(15),

/1=0(15).

(7)

(8 )

From the mean value theorem for I ~ I ~ k - I

I
'II (h"/(x+b, y)-hll/(x, Y))j
I I)

~ c 'I I I t, sinkkXo
! i),

/ () /, lilt [

Note that (11,4"11, 11)n(1I
1

4/"11/ lo')=rP, i#j, if Xo belongs to some
(11 I" 4" 11 I" I'), then

I

' 1 I
II = hll/ll(x + i), y)-hll/,J", y)+ III (h"l" + 15, y)_ohlll', Y))I'

Ir/I)

applying Lemma 1, we get

II ~Io I','I!,I '. I 'smlxo . 0'0 11~-o- () + i) L 11 1 0

0 = 0(15).
, II; + I I I~ I

Combining (6)-(9), we have

wJl ()) = O( b).

It is easy to get the estimate for w Jl b). By (4)

WJI,i))=O(i) I 11 1 13)' =0(15).
,1- )

(9)

(10)

(II)
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Equations (10) and (II ) imply that f(x, y) E Lip( I, I ). Meanwhile

k I

UJ,UII.I),n k 1)~W\(ll:,:II,nk 1)- L W\(ll:,~II,nk I)
lo~ 1

Because of (5),
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1 1 ~ Cln k I In 2 nk ,

12 k IIn2nl k
12 :(; C2nk In nk L -,-:(; C2nk I In 2 nk L 4

I ~ I In - n k I ~ I

= O(n k 1 In 2 nk4 3k),

4kl I I'

Y:

J,:(;C L nI2/3In(nl+J)=O(nk}?ln(nk+I+I))
I~ k + I

altogether there exists a positive constant M for sufficiently large k such
that

I.e.,

lim w,U11.11,n I)/(n 'In2 n»O.
n ----. -y_
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